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Abstract

The article discusses explicit formulas for multidimensional chaotic
interpolation: generalized interpolation formulas of the Newton and Lagrange
types. These formulas are generally irrational, but among them, there are
polynomial formulas of even order. Estimates of the remainder terms of the
generalized Newton and Lagrange interpolation formulas are obtained, as well as
for arbitrary interpolation formulas, based solely on the smoothness of the
interpolated function and the vanishing of the remainder at the grid points.
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AHHOTanMAa

B craTee paccMmaTpmBaroTcd sABHBle (POPMYJIBI MHOTOMEPHOV XaOTW4ecKOV
VMHTEePIOJISLNM: 00OOIIEHHBIe MHTEPIIONISLMOHHBIe dopMysIbl THa HeioToHa 1"
Jlarparxa. ®opmysbl 3T B 00IIeM wppalnoHajIbHble, HO Cpedbl HUX €CTb U
IIOJIMHOMMAaJIbHBIe (POpMYJIBl YeTHOro mopsifka. ITosiyueHBI OIl€HKM OCTaTOUYHBIX
4IeHOB ODOOOIIEHHBIX VHTEPHOIAIMOHHBIX dopMmyn HplotoHa u Jlarpanxa, u
IIPOM3BOJIBHBIX VHTEPIIOJISAIVIOHHBIX (OPMYJI TOJIBKO Ha OCHOBe IJIaJKOCTV
MHTepIoJIpyeMot (PyHKIIUM 1 oOpallleHMsl B HyJIb OCTaTKa B y3JIaX CETKM TOYeK.

KiroueBsble cji0Ba

VIHTePIOJIALIMOHHAsA MHOIOMepHas XaoTudecKas WHTePIIOIANVs, OCHOBHBIE
sgBHble VHTePHOJIALMOHHBIe (OPMYJIbl, OCTATOYHBIVI WIEeH WHTepPIOJISAIVIOHHON
dopMyIIBI, 3aBUCMMOCTh OCTATOYHOIO WiIeHa OT IJIaJKOCTV WHTEPIIOIpyeMOot
PpYHKIMM 1 OT MHTEPHOJIAIIMIOHHON (POPMYIIBL.

AHHOTaNMA
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Maxonaga wmxT€pmui HyKTajapaa KyIl y3rapyBUWwIM OIIKOP VHTEePIIOIAIA
dopmynanapu kapasiraH. Yiap wiaccuk HeioToH Ba Jlarpamx dopmysiaiapvHUHTD
ymymiammMacuaup. Komnuk XagHmHT QyHKIMS cMHPWAaH Ba VMHTEPHOJIANS
dopmyracumaH OOFIMKININ.

Kanwur cysnap

KyIl ~ y3rapyBUWwiIM  XaOTMK  OIIKOPp  WMHTEePpHOJANNMsS,  yMyMJIalllraH
uHTepnonauug  dopmynanapu. Komamk  xagHMHr  PyHKOMS — cMHPUAAH
OOFIUKITUTIA.

1. Problem Statement. The problem of chaotic multidimensional

interpolation is posed as follows [1-6]. Let the norm |x|=./(x,x) :\/(xl)2 +..4+(x™)? of

points x=(x',..,x") are introduced in the Euclidean space R", where a finite domain
Q={x=(x%,...,x")}eR" and the grid of chaotic points (nodes) A,={x,i=0,...,n}, as
well as the values vy, = f(x),i=0,...,n of some continuously smooth function y= f(x)

, are given . It is required to determine an interpolation formula (surface) of
possibly simple structure,

1,(X)= In(f,x):iciq(x), I,(x)=f(x),i=0,.,n. (1)

Such an interpolation formula (surface) is represented as follows:

,, P

W

Fig. 1. Graphical representation of the interpolation surface.

The difference

R,(x) = f(x) —,(x),R,(x;) =0,i=0..n (2)

is called the error or residual term of the interpolation formula.

In the article, I,, (x) will be constructed, and the general form of R, (x) will be
determined.

In one dimensional case we have following Newton and Lagrange formulas:

N, (x) = flxg) + flxg, 210 = x0) + - flxg, o, %] (6 — x) ... (x — x,),
L) = X fODL (@), 460 = [Ty

j£1 )
J xi—xj

h; = |x; — x;_41,

f(x1)—f(x0) f[x x ] _ f[xo,...,xk_z,xk] _f[.xl,...,xk_l,xk]
)y Q) )1 —

f[xo»x1] =

7
X1—=Xo Xk—Xk—1
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R,(x)=f(x) —N,(x) = f[xo, e X, ] (6 = xg) o (x — X)),

R,(x) = f(x) - L,(x) = )(9) (x — xg) ... (x — x,,).

2. Explicit Multldlmensmnal Interpolation Formulas.

The overview of multidimensional chaotic interpolation first appeared in the
works [1], [2]. We propose the following new explicit generalized interpolation
formula of the Newton and Lagrange type [6]:

N, (x) = f(xg) + Xhoq flxg, b x Jwf (), wi (x) = |x — x0|% oo lx — x4 |1* (3)

L,(x) =2 fxe (), 0,(x) = Z;'l#:i lx — lealxi - le_a ’ (4)

flxg, 2] = (Flxcg, oo s iz 0] = Flxg, ooy 21 D /10 = 20024177

In the following lemma, for simplicity, let us assume that a = 1. In (3,4), the
polynomial case is obtained for even «, for example, when a = 2. Let us define the
unknown coefficients a;,i = 1..n, from the interpolation conditions: N, (x;) =
N;(x;) = f(x;). Similarly, the following holds true for the one-dimensional case:

Lemma 1. The following equalities hold: a; = flx,, ..., x;],i = 1 ...n.

Theorem 1. The following multidimensional multi-point expansion holds:

f(x) = N,(x) + R, (x), (5)
where N, (x) is determined by formula (3), and the remainder is given as
R,(N,,x) = f(x) — N,(x) = 0 (x)f[xg, ..., x,,, x]. (6)
Proof. For definitions of generalized divided differences we have
fQ) = flxg) + flxg, x]|x _x0|a' flxg,x1 = flxg, 2,1+ floxg, 20, x1lx —
Xy [ %1 s F 20 e X1, X1 = 20, s X ] + fXg, o Xy X] |26 — 20 |*

Then we inside each new divided differences in old and we get (5).

Corollary 1. For the function u(x):u(x;) = 0,i = 0..n the following formula
holds:

u(x) = of (ulxy, ..., x,, x] (7)

Theorem 2. Formulas (3) and (4) are interpolation formulas.

Indeed, the relations N, (x)= f(x),k=0.n, can be proven in two ways.

1) It is evident that R, (x;) = 0 > N,(x;) = f(x;),i = 0..n

2) We calculate directly. For example, it is evident that

N (x) = f(x0), Ny (g = fxg) + flxg, xq112¢q — x01% = f(x0),...,
n-1
No i) = N + ) () L, oo, Xiss) = N 0o) = FG) k= 1om
i=k

The properties of the basic functions, such as ¢; (xj) =6;=1i=j;6;=0,i#
j ensure the fulfillment of the interpolation conditions. Let h; = |x; — x;_4|.

The interpolation formulas in rectangle grid with error consider in [7].
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3. Representation for Divided Differences.

For divided differences, we will find a representation for the case: a =1.

Theorem 3. Let f(x) eC"[2]. Then there exist point ¢, and

directions e,,...,e, such that the following equalities hold:

flxg wsXa] = D, o fED i =1,

flxg, syl = K1 hETID, , f(E),a =1, (8)

Proof. We apply the method of induction.
Steps k = 1, 2. By definition, we have:

flxg,x,1 = f(xl)h_ o) _ U (gl)ixl_x")) =D, f(&),..,
1 1

flxg, o x,1 = Dezf[xo:f.z] = Dezelf(fz)-
Step k-1.Suppose the following representation holds:
flxg, o, X1l = Dg,_ D flXg) oos Xp_1]

Step k. Using the definition and the assumption from the previous step, we

have:

flxos s %id = Doy flx0r s Xu—2,§ic] = Dy, - Doy £ (51

Now we representations of divided differences for a:

Flieo 1) = (FGr) = £ ) /g = LO0TE0) = i, £ 2,

flxg x1,%,] = hf‘_lhg_lDezelf(fz),...,
flxg, o,y = hEH L RETID,  f(E) = |x; — x4 i = 1..m,
4.Estimate of the Remainder Term in Multidimensional Explicit

Interpolation.

There exists Bézout's theorem, which states that a polynomial B,(x) that
vanishes at a point: x =x,:B,(x,) =0is divisible by: x —x, B,(x) = (x —
xo)Pn_1(x). Bézout's theorem can be generalized for a continuous function f(x)
instead of the first derivative: f’(x). In this case, the formula of Lagrange’s finite
increments holds true [8]:

f(x) =f(x0)+f'(€)(x—x0),§'=x0+9(x—x0). 9)

For f(x,)=0, this implies an equality that generalizes Bézout's theorem for a
function of one independent variable:

) = £/ — xp) = g x — x4) = (f7°,()) (x — x). (10)

Let us generalize Bézout's theorem for a function of several variables.
Consider a function that has a set of zeros: f(x) € C™**[Q],f(x;) = 0,i = 0..n.

Lemma. If f(x)eC'[Q], f(x)=0, then the (10) equality holds with:
f'G) = gradf (x) = [f,,i = 1. n]".
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Theorem 4. (Theorem on Condensing Zeros). If f(x) € C"*'[Q],f(x,) = 0,i =
0..n, then there exists a bilinear form (the differential of order n + 1) g,(x):R™ — R
such that

Fx) = g,0)((x = x) . (x = x,)) = (9,0, ((x —xp) ... (x — x,))).  (11)

Proof. By Lagrange's finite increment formula, we have (10).

Next, using the equalities f(x;) = -+ f(x,,) = 0 sequentially, we have:

) = gole) (g = x0) = 0= gy (xg) = 0 = g (%) = g, () (x — x)=
fG) = g1(x)(x = x0) (x — x1)

Continuing this process, we have:

fx) = go()x — xg) = g, ) x —x0) (x — 1) = g, () (x — xg) ... (x — x,)

It remains to determine the form of the function g,(x). It is clear that

9oG0) = fi (21 + 6, = x0)) = (f5 G (), 8 (x) = x0 + 6 (x — xo),
g,(x) = g(')(xl +0,(x - xl)) = (9(’) 0:9’1(95)):51(’5) =x; +60,(x —x), ..,

() = ooy (G + 0, (x = ) = (fy %60 (), 8 () = 2 + 6, (x = x).

It is clear that

90 (0 = G118, (1) = G151 % (1) = £ Vg%, (1) = F ™V E(x)).

Corollary 1. If f(x) € C"**[Q],f(x;,) = 0,i =0..n, and a=1 then there exists a
point £(x) e Q such that we have:

f(x) =De_ o fE)(X— %) ... (x — %) ,a=1. (12)

Corollary 2. If f(x) € C"**[Q],f(x;) = 0,i =0..n,and a#l then there exists a
point £(x) e Q such that we have:

fG) = ¢~ he™1D, o FE)(X — Xo) v (X — Xp) (12)
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